
Analysis of Parallelism in Modular 
Flowsheet Calculations 

An analysis of parallelism for modular process flowsheet calculations 
is given. The central idea is to examine various algorithms that allow 
one to decouple and decentralize flowsheet calculations for computa- 
tion in a multiprocessor environment. Specific algorithms are evaluated 
which make use of quasi-Newton updates to converge the flowsheet 
equations. From the analysis presented and example problems solved, 
it is clear that parallel processing can be used to enhance the computa- 
tional speed of modular flowsheet calculations. In particular, various for- 
mulations of the simultaneous modular approach are analyzed to show 
how parallelism may be taken advantage of in flowsheet solutions. 

Introduction 
The development of parallel processing algorithms has been 

the subject of intensive research in the computer sciences for a t  
least the past decade. Put simply, the concept behind parallel 
processing is that of doing more than one thing a t  a time. This 
means breaking down a computational task into independent 
segments that can be executed simultaneously, i.e., in parallel. If 
this can be done, the computational task is said to contain inher- 
ent parallelism. In contrast to parallelism is the concept of 
sequential processing, where a computational task is done by 
breaking it down into segments that are solved serially. Here the 
output from one segment is used as input for another. Sequential 
processing concepts are widely used in current hardware/soft- 
ware computing systems; however, more advanced computer 
designs are expected to take advantage of the possibilities 
offered by parallel processing ideas (Lord et al., 1984), and pro- 
totype parallel machines like the BUTTERFLY are currently in 
use (Brown et al., 1985). 

One of the major advantages of parallel processors over 
sequential processors is their greatly increased speed. Execution 
speed enhancement in parallel using N processors, can be of 
order N compared to the same task done on a serial processor 
(Heller, 1978). Heller (1978) and Schendel (1984) provide 
reviews of various aspects of numerical computing on parallel 
computers. 

The purpose of this work is to illustrate possible advantages of 
parallelism in the modular process flowsheeting problem. The 
underlying numerical strategy is similar to the simultaneous 
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modular flowsheeting approach discussed by Jirapongphan 
(1980), Mahalec et al. (1 979), Biegler ( 1  983), Chen and Stadt- 
herr (1985a, b, c); however, these previous studies have not 
addressed the issue of parallelism as it arises in simultaneous 
modular flowsheeting, yet it is clear that some formulations of 
this flowsheet strategy are well suited for parallel computers. 

Flowsheets and Parallelism 
The process units in a chemical process flowsheet are the vari- 

ous operations (e.g., chemical reactors, distillation columns) 
required to process raw feed materials into final products. The 
manner in which these units are  interlinked is generally quite 
complex and the major purpose of process flowsheet programs is 
to provide a solution to the equations describing the steady state 
(or dynamic) behavior of the process. The standard computa- 
tional structure for solving flowsheeting problems is sequential 
(these are called sequential modular systems) and their use is 
widespread throughout the chemical/petroleum industry; calcu- 
lations are  done serially, the output results from one unit being 
used as input for the succeeding one. Other well-known 
approaches that have been proposed for solving the flowsheet 
equations are the simultaneous-modular and equation-oriented 
methods. Rosen (1980), Biegler (1983), Shacham et al. (I982), 
and Chen and Stadtherr (1985a) discuss these strategies and 
their relative merits. 

The sequential modular strategy employs a classic serial 
approach to the problem; the flowsheet is partitioned and a tear 
set found such that once the tear streams are torn, all the 
remaining streams related to this group can be computed in a 
serial manner. The serial information flow in this traditional 
approach precludes much use of parallelism. The equation- 
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1 -  

based approach, while offering the potential for speed and flexi- 
bility, has acquired a poor reputation for reliability (Chen and 
Stadtherr, 1985a). In addition, from a parallel processing view- 
point the large storage requirements and complexity of the com- 
puting routines needed by this approach (such as the sparse 
matrix routines) will require considerable software engineering 
to implement. The simultaneous modular approach on the other 
hand combines some of the better features of these other meth- 
ods. The Jacobian matrix (or an approximation of it) of the 
flowsheet equations will be smaller than that required by the 
equation-based approach. Furthermore, already existing mod- 
ules can be used to perform the module-level calculations, 
requiring little additional investment in software. Finally, the 
simultaneous modular formulation can be shown to accommo- 
date parallelism in a straightforward manner, making it an 
attractive strategy for implementation on a multiprocessor com- 
puter system. This strategy forms the basis of the approach 
taken in this work. 

- 
2 +  3 

i 

Preliminary Concepts 
Figure l a  illustrates the idea of parallelism in a simple acyclic 

process flowsheet. Each block (subtask) represents a process 
unit (e.g., distillation column, reactor). Figure l b  shows time 
units associated with the calculations for each block. The latent 
parallelism in Figure l a  is easily seen. Given two processors, 
segments 2-3, 4-5, and 8-9 can be done in parallel. If only one 
processor were available, the total time units required to accom- 
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Figure lb. Time associated with calculations of flow- 
sheet in Figure la. 

plish the overall computing task would be the sum of times for 
each subtask, equal to 25 units. If the above-mentioned seg- 
ments are executed in parallel on two processors, the overall task 
can be accomplished in 19 units, which is the time required by 
the slowest path through the network (1-2-3-6-7-9-10). 

The structure shown in Figure l a  represents probably the 
simplest form of parallelism that may be encountered in flow- 
sheet structures. A prevalent feature of chemical process flow- 
sheets is the presence of recycle streams. In general, recycle 
streams arise because of a need to recycle unreacted material 
from a chemical reactor for further reaction, or because of 
energy recovery within the process which requires the matching 
of hot and cold process streams (Linnhoff et al., 1983). Recycle 
streams couple units downstream with those upstream, compli- 
cating the usual notion of parallelism, which requires indepen- 
dent subtasks for computation on separate processors. One con- 
ceptual problem then becomes how to “find” parallelism in a 
recycle structure, where unit calculations are clearly coupled. 

Parallelism with a Modular Flowsheet Description 
The flowsheet corresponding to Cavet’s (1963) test problem 

will be used to illustrate concepts. The flowsheet is shown in Fig- 
ure 2 and has a fairly complicated recycle structure. Streams S l  
and RZ are a tear set for this problem (Upadhye and Grens, 
1975; Chen and Stadtherr, 1985b), belonging to the same irre- 
dundant family as the tear set R4, R2, R1. With Sl and Rl  as 
tear streams, a traditional sequential modular algorithm would 
solve this flowsheet by converging the tear stream variables 
using direct substitution in combination with an acceleration 
technique, for example the method of Wegstein (1958). There is 
a limited degree of obvious parallelism to these calculations. The 
calculations on unit F2 proceed first on processor 1. The results 
from F2 allow the calculations in F1 and A2 to be started simul- 
taneously on separate processors (1 and 2). After this step 
though, the calculations in unit AZ require the output from F3 
before they can proceed. If units Fl and A2 take the same 
amount of time to calculate, this would imply that the processor 
devoted to the S l  loop would remain idle until after F3 was cal- 
culated. Idle time usually has an adverse effect on parallel algo- 
rithm efficiency. 

For the purpose of clarity, assume that each unit takes on the 
order of T time units to calculate. With the SZ, Rl tear set, a 
traditional serial algorithm on a single processor would take 67 
time units for each iteration. However, using two processors and 
the parallel scheme described previously, the time for each itera- 
tion is 4T, an improvement of 33%, since the units F1, A2 and 
A l ,  F4 can be done in parallel. If, however, A2 dominated the 
calculations, say taking 107, then the traditional single-proces- 
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Figure 2. Cavett’s problem. 

sor approach would take 157 while the two-processor scheme 
takes 137, an improvement of only 13%. This shows how a domi- 
nant unit calculation can lead to increases in processor idle time 
and a deterioration in parallel algorithm performance and effi- 
ciency. 

Consider these calculations with the tear set S l ,  Rl and two 
processors with the F1 calculation increased to say 37 (the other 
units remaining the same). The parallel scheme still takes 137 
between iterations. If however, Fl  remained at T and F3 were 
increased to 37 (all others remaining the same), the parallel 
scheme would take 157 between iterations, i.e., the increase in 
F3 lies along the slow path S2, S3, R2, S1 connecting the recy- 
cles R3, R4, S1 and S3, S4, R l ,  and this increase is taken up by 
the algorithm. Thus parallel schemes can be quite sensitive to 
where the increased computing load occurs within the structure. 
The simple flowsheet structure shown in Figure 3 illustrates a 
situation where the sequential modular scheme is restricted to 
pure serial processing. If say 5 is the tear stream, during each 
iteration the flowsheet units would be calculated successively, 
prior to an acceleration step. There is no parallelism to this algo- 
rithm, no way in which multiple processors can be used to 
advantage. 

This discussion shows how even in simple flowsheets the con- 
ventional sequential modular approach can be quite resistant to 
the advantages afforded by parallelism. In modular flowsheets 
our objective is to devise parallel algorithms whose speed per 
iteration is largely determined by T,,, the dominant unit com- 
putational time, regardless of the flowsheet structure. 

Now consider the simultaneous modular approach. Chen and 
Stadtherr (1985a) give an excellent discussion of three basic for- 
mulations of this strategy which we briefly review. In formula- 
tion I all connecting streams in the flowsheet are torn and 
treated as two separate streams, one input and one output, 
resulting in an unnecessarily large system of nonlinear equations 
to be solved. In formulation 11, each connecting stream is treated 
as one input stream and the model equations are substituted into 
the stream connection equations, resulting in a large reduction 
in the number of flowsheet-level equations compared to formu- 
lation I. In order to further reduce the number of equations to be 
solved simultaneously, and thereby allow the use of full matrix 
methods for the system solution, an appropriate set of connect- 
ing streams is torn, leading to the formulation 111, which was the 
basis for the work of Chen and Stadtherr (1985a, b ,c). Calcu- 

lation of the Jacobian matrix for formulation 111 is a central 
issue. Direct difference approximation is straighforward but 
requires modules within each loop to be repeatedly calculated in 
a manner analogous to the sequential modular approach, with 
all the attendant disadvantages as far as parallelism is con- 
cerned. As the chemical process to be simulated becomes larger 
or more complicated, the number of tear streams will generally 
increase, exacerbating the problem associated with this ap- 
proach. These considerations led Chen and Stadtherr to the con- 
clusion that Jacobian evaluation should be done using block per- 
turbation methods usually associated with formulations I and 11. 
It is worth considering this in more detail. 

Using the description of Chen and Stadtherr (1985a), mathe- 
matically the flowsheet-level equations for formulation I1 can be 
partitioned as: 

Here Eq. 1 represents the nontear connecting stream equations 
and Eq. 2 represents the tear stream connection equations and 
design specifications. The vector q represents tear stream vari- 
ables and free design variables a d  p nontear stream variables. 
Formulation 111 can be obtained frcm these equations by using 
Eq. 1 to determine p as a function of q, reducing the above equa- 

Euler’s identity allows the Jacobian for formulation I11 to be 
tions to: g(P9 4 )  = Tg(p(q), q )  = a$. 
obtained from: 

(3) 
= [a - [$j[f]’ + [3 

The quantities in Eq. 3 are those obtained in the normal 
course of things for formulation 11; however, the matrix manipu- 
lations involved in Eq. 2 a t  each iteration could prove to be 
expensive for large flowsheets with large stream-variable vec- 
tors, notwithstanding the fact that the final Jacobian is smaller 
in size. 

More importantly from a parallel processing perspective is 
the subtle restriction imposed by the implicit serial information 
flow associated with formulation 111 used by Chen and Stadt- 
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herr. Consider Eq. 3 and the resultant flowsheet solution proce- 
dure. The various subsystem Jacobians represented by the terms 
d f / d q ,  df ldp ,  dgldp, dg/dq can be calculated in parallel if the 
blocrpertu6ation approacx is used. (Relative to the direct dif- 
ference scheme, the block perturbation approach is advan- 
tageous from a parallel algorithm viewpoint, since the individ- 
ual block calculations can be routed to separate processors work- 
ing in parallel.) After these subsystem calculations, the reduced 
flowsheet Jacobian can be calculated using Eq. 3. However, this 
updated Jacobian allows only the tear stream variables to be 
directly updated. Prior to the next iteration and reevaluation of 
the flowsheet subsystem Jacobians, nontear stream variables 
have to be updated. This requires a complete serial pass through 
the flowsheet, in a manner entirely analogous to a sequential 
modular iteration. Hence, a t  each iteration the simultaneous 
modular strategy corresponding to formulation I11 is restricted 
from exploiting parallelism in a way similar to the sequential 
modular approach described earlier. 

In line with this discussion, the parallel strategy we are pro- 
posing seeks to maximize the use of parallelism in modular flow- 
sheet calculations. The problem formulation consists of a mod- 
ular flowsheet description similar to that solved by conventional 
sequential modular or simultaneous modular approaches, i.e., 
where existing special-purpose modules are used to solve indi- 
vidual flowsheet subsystem models. Each module is assigned a 
separate processor, a reasonable assumption given that a current 
parallel computer like the BUTTERFLY has access to 256 
coprocessors and clearly this number will increase as this tech- 
nology advances. The flowsheet-level equations that result after 
each parallel step are similar in structure to formulation I1 of 
the simultaneous modular approach described by Chen and 
Stadtherr (1985a). Although this leads to a larger tear set (Ja- 
cobian) than formulation 111, it exploits parallelism to a greater 
extent. This trade-off is discussed in a later section. Another 
important difference is that the flowsheet Jacobian or subsystem 
Jacobians are approximated directly using quasi-Newton up- 
dates like the method of Broyden (1965) or that of Schubert 
(1970). This eliminates the need to compute these various 
matrices by perturbation of unit modules, as required by the full 
block perturbation technique used by Chen and Stadtherr. Our 
proposed strategy is intended to lead to algorithms whose com- 
putation time per iteration is largely limited by 7,,, the domi- 
nant unit calculation time in the flowsheet. It is likely to be most 
advantageous for flowsheets comprising many computationally 
intensive module calculations. Without “penetrating” and 
changing the code in modules themselves, T,,, represents a 
lower bound per interation for any parallel scheme applied to 
modular flowsheets. Our proposed parallel strategy is then of 
the following general form. 

Algorithm 1 (parallel processing)-General form 
1. Partition flowsheet subsystems (blocks) connected by for- 

ward and/or backward (recycle) streams. 
2. Tear connecting streams and initialize connecting stream 

variables and system Jacobian matrix or its inverse. 
3. Calculate all blocks simultaneously on a multiprocessor 

system producing new estimates of connecting stream vari- 
ables. 
4. Update all connecting stream variable values simulta- 

neously using the Newton-type iteration or a variation thereof. 
Update system Jacobian (or its inverse) using a quasi-Newton 

formula. For small problems the system Jacobian (or its inverse) 
can be approximated directly by a full matrix update. For large 
problems either the system Jacobian could be approximated 
directly using a sparse update like Schubert’s method, or else the 
various subsystem Jacobians could be directly found using a 
quasi-Newton update. 

5 .  Check for convergence; if so, print final results and stop, 
otherwise return to step 3 using as input to the blocks the values 
obtained in step 4. 

For the flowsheet in Figure 3, with partitioning along the dot- 
ted lines, the equations to be solved are Eqs. 4, 5, and 6 cast in 
the following form: 

- fi = g - g ( y )  = 0 

- f2 = x - h ( f )  = 0 

- h . = y - & ) = O  (6) 

(4) 

(5) 

A schematic of algorithm 1 using a quasi-Newton method to 
directly converge the connecting stream variables is now given. 

Algorithm 2, forflowsheet in Figure 3 

cated by vertical broken lines in the figure. 

variables x(~), 
ten H(’) = I ) .  

ues for f iK) , f iK) ,1 iK) .  
Newton iteration formula: 

1. Partition flowsheet from Figure 3 into three blocks as indi- 

2. Set iteration counter K = 1. Initialize connecting stream 
& K )  and Jacobian matrix inverse to H‘K) (of- 

3. Evaluate blocks in parallel, f (K), g(K) ,  h(K) and obtain val- 

4. E z i m s e  new values x ( ~ + ‘ ) ,  y(K+I)  z(~+‘) using unit step 

- 

- -  

- ’ -  

5.  Check for convergence of x ( ~ + ’ ) ,  Y ( ~ + ’ ) ,  E ( ~ + ’ ) .  If con- 
verged, print final results and stop, otherw7se proceed to step 6. 

6 .  Evaluate blocks in parallel, f ,  g, 4 and obtain values for 

7. Update estimate of inverse Jacobian matrix using quasi- 

8. Increment iteration counter and proceed to step 4. 

f {K+I),f$K+I),f$K+I). _ _  
- 

Newton formula (i.e., Broyden 1965) H f K + ’ )  - H ( K ) .  

Basis for Algorithm Time Comparisons 

modular technique on a serial processor can be written as: 
The processing time for a simulation using the sequential 

(7) 

where: 
I ,  = Number of sequential modular iterations 
7, = Processing time requirement of the ith unit operation 

(which we assume remains constant from iteration to iteration, 
generally a reasonable assumption) 

N = Number of unit operations in the convergence path 
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Figure 3. Simple process flowsheet. 

T ,  = Overhead processing time (reading files, calling routines, 
etc.) 
For the purposes of this study, overhead processing time will be 
neglected since the unit operation simulations dominate the 
computational load. Therefore, for the sequential modular tech- 
nique, processing time can be written as 

When applying an acceleration technique to the sequential 
modular approach the amount of processing time required to 
carry out the acceleration step must be included. Thus the pro- 
cessing time required by a sequential modular simulator using 
acceleration after every iteration can be written as 

(9) 

where T~ is the amount of time required to execute the accelera- 
tion step. In many instances the acceleration is not carried out 
after each iteration, and Eq. 9 must be modified to account for 
this. If 7 ,  is small with respect to the term Zz, ri then Eq. 9 takes 
the form of Eq. 8. This will be the case when the number of tear 
variables is relatively small or when time-consuming unit opera- 
tion simulations dominate the flowsheet. 

The processing time required for the general parallel algo- 
rithms described earlier when executed on a multiprocessor 
machine is somewhat more difficult to express, depending 
mainly upon how the Jacobian is evaluated. First consider the 
case where all derivatives of the flowsheet subsystems are calcu- 
lated using a finite-difference technique, equivalent to the block 
perturbation method. A flowsheet with N subsystems and m 
independent connecting variables per stream requires 

N(m + 1) unit evaluations in order to calculate the Jacobian. If 
the computational load is distributed over N processors, the 
Jacobian calculation time can be written as 

where Ti,mru is the dominant unit computational time. Using this 
relationship, along with the fact that the parallel algorithm 
allows unit operations to be distributed over multiple processors, 
leads to the following expression for processing time for the par- 
allel algorithm using finite differences for Jacobian approxima- 
tion: 

where IpJd is the number of iterations required by the parallel 
algorithm. It should be noted that if Nm processors were avail- 
able, the Jacobian calculation time could be decreased to 2 ~ ~ , , , , ~ .  
However, Nm can be a significantly large number of processors 
to schedule. One of the advantages of using quasi-Newton meth- 
ods for Jacobian evaluation is that only N processors are 
required to keep Jacobian evaluation time of order 7i,max if the 
update time is small by comparison. This should be evident from 
the following argument. 

Consider the processing time required by the parallel algo- 
rithm using N processors with quasi-Newton methods for deriv- 
ative estimation. Neglecting overhead, processing time can be 
expressed as: 

where 7, is the time required to update the tear stream vectors 
and the Jacobian or its inverse with the quasi-Newton update, 
and T~~ is the time required to initialize the Jacobian. If the ini- 
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tial Jacobian estimate is made using finite differences, 
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If however, the initial Jacobian is set equal to the identity 
matrix, T , ~  can be neglected and the processing time becomes 

ABSORBER STRIPPER 
295 pain 75 pri. 

Y P 
1 

where I; ,QN and IP,,, will in general be different. It is clear that 
rigorous estimation of the initial Jacobian may be a stiff penalty, 
and it may be advantageous to avoid such a calculation. The 
time required to update the system Jacobian is included, since 
the update is executed after the unit module evaluations are 
completed and therefore cannot be executed in parallel with the 
unit operation simulations. It is possible that large values of 7, 

could lead to significant algorithm inefficiency while small val- 
ues will not have an adverse impact, something that will be elab- 
orated on later in the context of column-dominated flowsheets. 

In the above relationships we see that the iteration numbers 
and the relationship of T , , ~ , , ~  to Zc l  T[  are the most important 
parameters when comparing serial and parallel algorithm speed. 
Clearly these parameters will vary from flowsheet to flowsheet. 
It can be argued, however, that when the parallel algorithms use 
derivative information to converge multiple tear streams simul- 
taneously, for flowsheets of complex topology Zp should be less 
than IS,,,. Evidence supporting this argument can be seen from 
the results of Chen and Stadtherr (1985b). The terms that the 
iteration numbers multiply are obviously important. While it is 
true that Zc, 7, is greater than T ~ , ~ ~ ,  it is also true that for some 
flowsheets the difference may not be great. Thus the parallel 
approach may significantly enhance the execution speeds of 
some flowsheets but not others. 

Having described the general parallel approach in previous 
sections, we now solve two problems that illustrate the advan- 
tages of parallelism in calculations. The parallel algorithms 
were simulated on a VAX 1 1 /780 system and initial conditions 
and convergence tolerances on each respective problem were the 
same for each numerical method. 

Absorber-Stripper Flowsheet 
A flowsheet for separating a hydrocarbon stream into lean 

and heavy fractions is shown in Figure 4. It consists of two inter- 

LEAN 
VAPOR 

t 
VAPOR 

PRODUCT 

t 

connected adiabatic flash columns, the first used for lean com- 
ponent recovery, the second for solvent regeneration. Pressures 
in both columns are specified and the objectives of the calcu- 
lation are to compute product recoveries and make-up solvent 
flow rate. Since pressures are specified, the vectors x and y for 
this problem are defined as 

- 

x - [ F I p  F2,m F3,n F4.m F s , ~  TxI 

y - [Fl,Y' F2yr F3.Y, F4,yr F5.Y' TYI 

where F,, referes to the flow rate of component i from the strip- 
per, and F,# the flow rate of component i from the absorber; Tx 
and Ty refer to the temperatures in the respective units. 

At steady rate the following set of equations must hold 

x - A ( y )  = 0 - - 

where A ( y )  and S ( x )  are vector functions defining the flash 
units and ;re not analytic, but calcuated by subroutine modules. 
The Jacobian matrix of this equation set has the following struc- 
ture: 

J -  

- .  . .  

. .  * .  

It is this Jacobian or its inverse that is required, and a number of 
numerical methods for approximating it have been tested. 

For the parallel algorithms, both forward and back recycle 
connecting streams were torn and the unit calculations done in 
parallel. For the comparative serial calculation (equivalent to an 
accelerated sequential modular approach) the exit stream from 
the stripper was torn and converged. This flowsheet was solved 
for many different initial conditions on the 5 and y vectors. The 
final steady state results are shown in Table 1. Theperformance 
of the various algorithms is shown in Table 2 using two quasi- 
Newton updates (Broyden, 1965; Schubert, 1970) for the paral- 
lel methods and both a Broyden and a direct substitution update 
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Table 1. Absorber-Stripper Process Steady State 

Molar Flow Rate, kmol/h 
Temp. Press. 

Stream K kPa FC", FC~Hd FC,H~ F C ~ H i ~  FC7H~6 

Feed 308 2,070 70.0 16.0 9.00 5.00 0.00 
Make-up 298 2,070 0.00 0.00 0.00 0.00 2.52 
Vapor product 343 517.0 4.31 2.52 2.20 1.52 0.880 
Lean product 333 2,030 65.7 13.5 6.83 3.46 I .64 
Stripper feed 334 2,030 4.87 3.70 5.00 6.72 48.3 
Recycle 343 157.0 0.514 1.20 2.80 5.14 47.4 

for the serial algorithms. These results are based upon 20 dif- 
ferent initial conditions for all algorithms. 

The reliability is expressed as the percentage of successful 
simulations and the mean number of iterations required to 
obtain the solution is also shown. It is clear that the sequential 
algorithms are the most reliable methods. Schubert's method 
showed a poor level of reliability, especially with the identity as 
the initial estimate for the Jacobian. The quasi-Newton methods 
require fewer iterations with an accurate Jacobian matrix ini- 
tialized by finite differences. This is consistent with the results 
and discussion of Dennis and More (1977). 

Cavett's Problem (1963) 
This standard flowsheet test problem was used because it 

admits the possibility of using six processors in parallel and has 
an intricate recycle structure. Furthermore, this is a 16-compo- 
nent problem and leads to larger Jacobian matrices for the qua- 
si-Newton updates. The flowsheet was discussed previously and 
is shown in Figure 2; final steady state conditions are shown in 
Table 3. It should be noted that mixing operations are modeled 
by adiabatic flashes, since this is a way to monitor the possibility 
of phase separation after mixing. This is done routinely in flow- 
sheeting systems, where it is not always evident whether or not 
phase separation occurs. 

The variables and equations modeling the flowsheet are  given 
by 

where Fi,Si represents the flow rate of component i in stream S1. 
The other stream variables follow analogously, i.e. 

Table 2. Absorber-Stripper Convergence Results 

Reliability, No. 
Method J Jo ?6 Iterations 

Seq. Mod. n.a. n.a. 100 22 
Seq. Mod. (B) Broyden I 100 16 
Parallel F.D. F.D. 95 8 
Parallel Broyden F.D. 75 12 
Parallel Broyden I 80 18 
Parallel Schubert F.D. 45 9 
Parallel Schubert I 15 20 

F.D., finite differences 
Seq. Mod. (B), sequential modular with Broyden acceleration 

The equations to be solved at  steady state are 

fi = 5, - A1 (E2, E4) = 0 (set a, 16 equations) 

fi = S2 - F2(5 , )  = 0 
f, = S3 - A2(S2, R , )  = 0 
f4 = S, - F 3 ( S 3 )  = 0 (set d, 16 equations) 

fi = R, - F4(S4) = 0 (set e, 16 equations) 

f6 = R2 - F3(S3) = 0 (set f, 16 equations) 

= R3 - F2(S, )  = 0 (set g, 16 equations) 

fs = R4 - F1 ( R , )  = 0 (set h, 16 equations) 

- 
(set b, 16 equations) - 

(set c, 16 equations) - 

- 

- 

- 
- 

The Jacobian matrix of this system has the following structure: 

Sl s 2  - 53 5 4  E l  g2 g3 R4 
- I  0 0 0 0 [I 0 [ I -  

[] f 0 0 0 0 0 0 

0 [I I 0  [I 0 0 0 

0 0 [I  I 0  0 0 0 

0 0 0 [I I 0  0 0 

0 0 [I 0 0 I 0  0 

[ ] o o o o o r o  
0 0 0 0 0 0 [I I 

- - 
The blocks in parentheses in the above matrix are (16 x 16) 

submatrices representing Jacobian elements determined by unit 
operation functionality on inlet streams. Other entries are also 
(16 x 16) submatrices and are either the identity matrix or all 
zeros. The Jacobian is thus a (128 x 128) matrix. Once again 
the parallel algorithms require this Jacobian to be estimated, 
and a number of methods for doing so have been studied. Results 
for Cavett's problem are shown in Table 4. 

Each algorithm was executed with five different initial esti- 
mates for tear variables. The sequential algorithms used the tear 
set { R l ,  R2, R4}. Using this set, Rosen and Pauls (1977) solved 
this problem using Wegstein acceleration after every four itera- 
tions. They reported that their program would not converge if 
acceleration was applied after each iteration. We also found that 
the Broyden sequential algorithm converged best if acceleration 
was not applied after each iteration. The results in Table 4 are 
for an acceleration after every fourth iteration. Here we see a 
high level of reliability for all parallel methods except when 
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Table 3. Cavett’s Problem Steady State 
~ ~~ 

Molar 
Flow Rate Temp. Press. Mole Fractions 

F T P  
S kmol/h K kPa C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C11 C12 C13 C14 C15 C16 

Feed 2,734 322 440 0.013 0.182 0.012 0.110 0.088 0.084 0.022 0.056 0.029 0.041 0.065 0.095 0.067 0.061 0.031 0.044 
S1 40,330 318 1,961 0.010 0.224 0.019 0.097 0.119 0.133 0.027 0.061 0.025 0.034 0.047 0.066 0.046 0.042 0.020 0.030 
S2 23,303 322 1,961 0.001 0.119 0.015 0.021 0.074 0.139 0.035 0.083 0.038 0.052 0.078 0.111 0.077 0.070 0.034 0.051 
S3 25,546 303 440 0.001 0.124 0.016 0.021 0.079 0.154 0.037 0.087 0.037 0.051 0.073 0.103 0.072 0.065 0.032 0.047 
S4 16,746 308 440 0.OOO 0.028 0.007 0.001 0.022 0.101 0.036 0.094 0.049 0.069 0.107 0.156 0.110 0.100 0.049 0.072 

R1 1,843 307 191 0.000 0.187 0.034 0.012 0.138 0.346 0.065 0.129 0.033 0.030 0.016 0.008 0.002 0.OOO 0.00 O.Oo0 
R2 8,900 308 440 0.003 0.304 0.034 0.057 0.185 0.254 0.039 0.074 0.016 0.018 0.009 0.005 0.001 0.OOO 0.00 0.000 
R3 16,526 322 1,961 0.023 0.375 0.024 0.206 0.184 0.125 0.015 0.028 0.006 0.007 0.004 0.002 0.001 0.000 0.00 0.000 
R4 4,089 311 5,620 0.007 0.330 0.029 0.096 0.184 0.200 0.032 0.063 0.017 0.019 0.013 0.008 0.002 0.001 0.000 0.000 

P1 12,438 311 5,620 0.029 0.390 0.022 0.242 0.184 0.100 0.010 0.016 0.003 0.003 0.001 0.OOO O.OO0 0.OOO 0.00 0.000 
P2 14,903 302 191 0 .00  0.008 0.003 0.000 0.008 0.070 0.032 0.089 0.051 0.073 0.119 0.174 0.123 0.112 0.055 0.081 

CI  Nitrogen; C2 Carbon Dioxide; C3 Hydrogen Sulfide; C4 Methane; C5 Ethane; C6 Propane; C7 Isobutane; C8 n-butane; C9 Isopentane; ClOn-pentane; C11 Hexane; 
C12 Heptane; C13 Octane; C14 Nonane; C15 Decane; C16 Undecane 

using the Schubert method with the identity matrix as the initial 
Jacobian approximation. Note that good initial estimates of the 
Jacobian matrix significantly aid the speed of convergence of 
the quasi-Newton methods. Also note that the parallel method 
using finite-difference calculations for all derivative estimates 
represents a base case analysis, since no attempt was made to 
find an optimal search direction (i.e., line search, dogleg strate- 
gy, etc.). This, along with roundoff errors incurred during per- 
turbation could account for the unusually large number of itera- 
tions required by this method. 

Comparison of Serial and Parallel 
Algorithm Performance 

In order to analyze the results, assumptions were made for 
each problem. The following assumptions were made when con- 
sidering the absorber-stripper process: 

1. Each unit operation requires the same amount of process- 
ing time. 

2. The update times, 7, and T., are negligible. 
The first assumption is easily justifiable since both units are 
characterized by the same type and number of modeling equa- 
tions, and the same flash algorithm was used to solve them. The 
second assumption is justifiable when using the quasi-Newton 
updates since the Jacobians are small and relatively few 
matrix-vector operations are used for the updates. 

For Cavett’s problem however, assumption 1 above is clearly 
inappropriate. Because the process is modeled with two different 

Table 4. Cavett’s Problem Convergence Results 

types of unit operations (adiabatic and isothermal flashes), it is 
evident that all of the 7, are  not equal. Even so, a simplifying 
approximation must be made in order to estimate parallel algo- 
rithm efficiency. It was found from our calculations with 
Cavett’s problem that the adiabatic flash units required on aver- 
age four iterations of the isothermal flash algorithm. Since the 
process contains four isothermal flashes and two adiabatic 
flashes, each iteration of the sequential modular technique 
required the time equivalent of twelve isothermal flash calcula- 
tions. Thus for Cavett’s problem we assumed that ZT, - 12rI and 

= 47,, where T~ is the average processing time associated 
with one isothermal flash evaluation. 

Estimating the processing time requirements of the Jacobian 
matrix updates is a more complex task. First, consider the pro- 
cessing time required to accelerate tear variables using the 
Broyden technique during a sequential modular simulation. The 
acceleration time, T,, is directly related to the number of vari- 
ables being accelerated. For the three tear stream sequential 
modular approach to Cavett’s problem, the Jacobian is a 
(48 x 48) matrix. Actual CPU time measurements indicated 
that 7, for Cavett’s problem was small relative to 8~~ (i.e., 
7, < 0.187,). Furthermore, the acceleration step was performed 
on every fourth iteration. Thus this term was neglected when 
algorithm processing time requirements were calculated. Next, 
consider the time required to update the Jacobian associated 
with the parallel algorithms. The magnitude of 7, is also a func- 
tion of the Jacobian size, which can in general be described as a 
matrix of dimension (ab x ab) where a is the number of unspec- 
ified independent variables per tear stream and b is the number 
of tear streams in the process. An analysis of the quasi-Newton 
updates leads to the following expressions for the number of 
FLOPS (floating point operations) performed per update; see 
Bielinis (1 986) for details: Reliability, No. 

Method J J6 % Iterations 

Broyden = 9azb2 + 2ab - 1 (16) 

(17) 

Seq. Mod. n.a. n.a. 100 50 
Seq.Mod.(B) Broyden I 100 29 
Parallel F.D. F.D. 100 30 
Parallel Broyden F.D. 100 10 a3b3 lla2b2 7ab 
Parallel Broyden I 100 43 
Parallel Schubert F.D. 100 8 
Parallel Schubert I 20 14 

+6 Schubert = - + - 
3 2 

The processing time requirement per update is proportional to 
the number of FLOPS performed and we can therefore see that 

F.D., finite differences 
Seq. Mod. (B), scquentiai modular with Broyden acceleration 
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T , ~  (update time for Broyden) increases with the square of a and 
6, while T , ~  increases with the cube of a and b. I t  is instructive to 
examine the ratio 

to estimate the impact of the update on the parallel algorithms. 
A large value of a (i.e., greater than 1 .O) would imply that the 
update requires a significant amount of the total processing 
time, while a small value (i.e., less than 0.1) would justify 
neglecting this term. 

As mentioned earlier, T ,  was neglected in the analysis of the 
absorber-stripper process because of the small values of a and 6. 
However, the values of a and b in Cavett’s problem are 8 and 16, 
respectively. Furthermore, since Ti,max is the time associated with 
only a single adiabatic flash calculation, the ratio given by a 
takes on a relatively large value. CPU time comparisons asso- 
ciated with Cavett’s problem yielded the following average val- 
ues of a: 

aBroy = 0.250 

aSFhv - 18.0 

In the light of this discussion Table 5 was developed. The results 
shown there illustrate processing time requirements of the vari- 
ous algorithms. The results on this problem indicate that signifi- 
cant speedup factors can be realized by implementing modular 
flowsheet calculations on multiprocessor computers. If one clas- 
sifies the best serial algorithm as the Broyden accelerated 
sequential modular technique, and the best parallel algorithm to 
be the Broyden-based method, with J ,  calculated using finite 
differences, the speed-up factors and efficiences for the two test 
problems are: 

Speed-up 
Problem Factor Efficiency 

Absorber-stripper 1.68 0.84 
Cavett (T” = 0) 3.22 0.54 
Cavett (7, = ( Y T ~ , ~ ~ ~ )  2.95 0.49 

Efficiency here is defined as speed-up factor/number of proces- 
sors used (Schendel, 1984). It is interesting to note that Chen 
and Stadtherr (1985b) also solved Cavett’s problem with their 
simultaneous modular algorithm. Their best results, reported in 
terms of equivalent sequential modular iterations indicated that 
their algorithm was almost exactly equivalent to the sequential 
modular results of Rosen and Pauls (1977) on this problem. 
However, Chen and Stadtherr’s algorithm is well suited for par- 
allelism since their subsystem Jacobians could be calculated in 
parallel, and viewed from that perspective, a parallel implemen- 
tation of their algorithm would show a significant speed-up fac- 
tor relative to the serial algorithm of Rosen and Pauls. 

Estimates for ( T , , / T , , , , , ~ )  
Column-Dominated Flowsheets 

is the processing time 
required to simulate a distillation column using the well known 

Consider a flowsheet where 

Table 5. Average Processing Time 
Requirements for Examples 

~ 

Absorber- Cavett Cavett’ 
Method J J,  Stripper 7”-  0 7 ” -  a ~ , , ~  

Seq. Mod. n.a. n.a. 447, 6007, n.a. 
Seq.Mod.(B)’ Broyden I 327, 3487, n.a. 
ParaIIeP F.D. F.D. 567“ 2,040~f n.a. 

Parallel4 Broyden 1 187, 1727) 2837, 
~araIIeI’ Schubert F.D. 167, IOOT, 6 7 6 ~ ~  
~araIIeI‘ Schubert 1 2hA 567, 1 , 0 6 4 ~ ~  

Parallel’ Broyden F.D. 19s” 1087, 1187, 

Seq. Mod. (B). sequential modular with Broyden acceleration 
F.D.. finite differences 
T,, mean processing time of an adiabatic flash in absorber-stripper process 
T!, mean processing time of an isothermal flash in Cavett’s problem 
Processing time calculated by: 
1. Eq. 9 
2 . Q .  11 
3. Eq. 12 
4. Eq. 13 
5. Tu - a(4Tl) 

Naphtali-Sandholm (1  969) technique. The Naphtali method 
requires the explicit solution of the MESH equations using the 
Newton-Raphson technique, and therefore the column Jacobian 
and resulting set of linear equations must be evaluated and 
solved iteratively. An order of magnitude analysis of the Naph- 
tali algorithm (Bielinis, 1986) yields the following expression for 
the number of FLOPS per column solution: 

Naphtali = NI [46/NC4 + P20/NC’ 

where NI is the number of iterations required for the column 
solution, N is the number of stages in the column, and C is the 
number of components being distilled. Since processing time is 
proportional to the number of FLOPS performed, the following 
approximations for a can be written by assuming a - c and 
neglecting insignificant terms in Eqs. 16, 17, and 19. 

6’ l l b 2  
-T+= 

From these relationships it is clear that a become significantly 
larger with inceasing number of streams. It is also clear that for 
large values of 6, (Y& is much larger than aBw. Because large 
values of a lead to significant delay times between iterations of 
the parallel algorithm, Schubert-based parallel algorithms be- 
come more inefficient for flowsheets with large numbers of tear 
streams. In order to better appreciate this, a for both updates 
was plotted against the parameter 6 in Figures 5 through 8. For 
all plots, NI was assumed to be equal to 10, which is a reasonable 
average number for column calculations. Figures 5 and 6 illus- 
trate the dependence of aBmv and a s h u  on 6 for flowsheets com- 
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Figure 5. Performance Index for Broyden’s method in 
column-dominated flowsheet, N = 10. 

putationally dominated by a 10-stage distillation column with 
various values of C. Figure 7 and 8 illustrate the same relation- 
ships when a 75-stage column dominates the flowsheet. Inspec- 
tion of the plots indicates that the Broyden update time is almost 
always negligible with respect to the column simulation time. 
The only cases when the Broyden update time is significant are  
for large flowsheets dominated by small columns with a small 
number of components. The values of akhu indicate that the 
update time, T ~ ~ ,  can often be large with respect to the column 
simulation time and therefore can have a substantial detri- 
mental effect on algorithm efficiency. 

Of course, this previous analysis does not account for the fact 
that the update calculations could be done in parallel. In this 
sense the analysis represents a worst case scenario for the effect 
of 7, on the parallel algorithm efficiency. 

cJ / 

0.0 10.0 20.0 30.0 4b.O 50.0 80.0 
Number of Flowsheet Tear Streams 

.O 

Figure 6. Performance index for Schubert’s method in 
column-dominated flowsheet, N - 10. 

1 10.0 ,/& 20.0 30.0 40.0 50.0 80.0 70.0 80.0 c-20 90.0 100.0 

Number of Flowsheet Tear Streams 

Figure 7. Performance index for Broyden’s method in 
column-dominated flowsheet, N = 75. 

Conclusions 
An analysis is presented showing how parallelism can benefit 

the implementation of modular flowsheeting strategies on multi- 
processor computers. A particular strategy was proposed and 
studied whereby the flowsheet is partitioned into individual sub- 
systems which are then routed to separate processors working in 
parallel. The results from these parallel computations are then 
used to converge the global flowsheet equations with the aid of 
quasi-Newton methods. 

On the problems solved, the Broyden-based parallel algo- 
rithm with the initial Jacobian calculated by finite differences 
was the best method, considering both speed-up and reliability. 
In comparison to its serial counterpart the parallel Broyden 
method yielded a speed-up factor of 1.68 on a two-unit flow- 
sheet, and approximately a factor of 3 on a six-unit flowsheet. 

f 
3 a 

a ‘1 8 

c-2 A 

0.0 
Number of Flowsheet Tear Streams 

Flgure 8. Performance Index for Schubert’s method in 
column-dominated flowsheet, N - 75. 
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With a processor dedicated to  each unit module calculation, 
algorithm efficiencies were 84% and 50% on the  example flow- 
sheets, respectively. It is not necessary however to assign each 
unit operation a n  independent processor; the “fast” tasks could 
be executed on a single processor, while the “slow” tasks could 
be assigned independent processors. This would improve algo- 
ri thm efficiency in asynchronous flowsheets, requiring an algo- 
ri thm to schedule processor tasks for a given flowsheet. This is a 
standard problem in computer science. 

I t  is conceivable tha t  speed enhancements for a parallel 
implementation of the  simultaneous modular approach will be 
an order of magnitude for realistic flowsheets, as can be seen 
from Eqs. 9 and 13 with reasonable choices for I,,, Ip,QN, 7i ,  

7i,maxr and N. Obviously, parallel algorithms will be least advan- 
tageous for flowsheets where 7i,m0x is significantly larger than 
Z,“I;’T~ for the  remaining flowsheet units. 
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Notation 
a - number of unspecified independent variables per tear stream 
b - number of tear streams in a process flowsheet 
f- unit module function calculated by a subroutine 
g - unit module function calculated by a subroutine 
- 8 - unit module function calculated by a subroutine 
m - number of unspecified independent variables per connecting 

p - vector of nontear stream variables 
q - vector of tear stream variables and free design variables - vector of connecting stream variables 
y = vector of connecting stream variables 
i - vector of connecting stream variables 
A = absorber model 
C - number of chemical components in a process model 

H = inverse Jacobian matrix 

I,,,, = number of sequential modular iterations required to simulate a 
flowsheet 

IpJd = number of parallel iterations required for simulation when 
Jacobian is estimated using finite differences 

Ip.QN = number of parallel iterations required for simulation when 
Jacobian is estimated using a quasi-Newton method after a fin- 
ite-difference initialization 

G,@,,, - number of parallel iterations required for simulation when 
Jacobian is estimated using a quasi-Newton method after an 
identitly matrix initialization 

- 

stream 
- 

Fi,, = molar flow rate of component i from unit j 

I = identity matrix 

J - Jacobian matrix 
K - iteration counter 
N = number of unit operations in a convergence path 
N, = number of iterations required to simulate a column using 

- Ri - vector of unspecified independent stream variables in recycle 

S = stripper model 
S, - vector of unspecified independent stream variables in connect- 

T,,,, = processing time required by an accelerated sequential modular 

Naphtali technique 

stream i of Cavett’s problem 

ing stream i of Cavett’s problem 

algorithm 
T, - temperature of stream i 

T,, = processing time required by a sequential modular algorithm 
TJJd - processing time required by multiple processors to estimate a 

TpJd  = processing time required by a parallel algorithm using finite 
Jacobian using finite differences 

differences for Jacobian estimation 

Tp,QN = processing time required by a parallel algorithm using quasi- 
Newton methods to update the Jacobian 

Greek letters 
a = parallel algorithm performance index 
7, - processing time of an acceleration step 
T,  = processing time requirement of unit operation i 
T, - overhead processing time 
T,  = processing time required to update flowsheet tear streams and 

Ti,mm = processing time required to evaluate the dominant unit module 
system Jacobian or its inverse using a quasi-Newton method 

in a flowsheet 
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